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Abstract. We assess the theoretical uncertainties on the total heavy quark cross section. We discuss the
importance of the quark mass, the scale choice, the number of light flavors and the parton densities on the
estimate of the uncertainty. At first glance, the uncertainty bands on the total charm cross sections obtained
by integrating the FONLL inclusive cross section and by integrating the partonic total cross sections appear
to be incompatible. We explain how this apparent difference arises and describe how the two results can
be reconciled. The small charm quark mass amplifies the effect of varying the other parameters in the
calculation, making the uncertainty on the total charm cross section difficult to quantify. On the other
hand, the bottom quark total cross section is under much better theoretical control and differences between
the two approaches are small.

PACS. 12.38.Bx Perturbative calculations – 14.65.-q Quarks

1 Introduction

Heavy flavor production is rather unique in that the total
heavy flavor production cross section is analytically cal-
culable to leading order at the partonic level. In addition
the finite heavy flavor mass provides a scale to control the
transverse momentum distributions down to pT → 0. It is
thus not only interesting to determine the inclusive kine-
matic distributions of the heavy flavor production cross
section but to also obtain the total cross section as an-
other means of comparing the production cross sections
as a function of energy.

Heavy flavor production has been studied using a vari-
ety of final-state observables from single leptons and neu-
trinos in beam-dump experiments to direct reconstruction
of heavy flavor hadrons using vertex detectors. The mea-
surements cover a limited region of phase space, making
it necessary to extrapolate over the unmeasured region to
obtain the total cross section. Before the kinematic depen-
dence of the cross section was under good theoretical con-
trol, these extrapolations were of limited utility. Leptonic
observables obscure the identity of the parent hadron as
well as its momenta while only a limited number of decay
channels can be directly reconstructed, typically those into
two or three charged hadrons. When the parent hadron
can be reconstructed, the branching ratio for the mea-
sured decay channel must be known precisely enough to
accurately determine the parent hadron production cross
section. Thus a number of assumptions are necessary to
obtain the total cross section from data including the de-
cay branching ratio; the phase space extrapolation; and

correction for the unmeasured hadrons, e.g. if only neu-
tral D mesons are measured, the non-observation of the
charged D mesons, the Ds and the charm baryons must
be corrected for.

No previous measurements of the total heavy flavor
cross section have been made in pp collisions in the RHIC
energy regime. The fixed-target experiments are all at
much lower hadron-hadron center-of-mass energy

√
S. The

previous total cross section measurements at colliders were
from the ISR at 53 ≤

√
S ≤ 63 GeV. At energies greater

than
√

S = 200 GeV, the only total cross section data
available are statistics limited: an upper limit from UA1
and some cosmic ray data. While the b total cross section
was obtained at the Tevatron in pp collisions at

√
S = 1.8

and 1.96 TeV, the charm hadron measurements are only
available at pT > 5 GeV, not allowing a realistic extrap-
olation to pT = 0. A determination of the total heavy
flavor cross section at RHIC would show whether or not
the RHIC measurements are consistent with other previ-
ous data.

While the consistency of the data are important, there
is also more than one way to calculate the total cross
section using higher-order techniques. The most straight-
forward method is to calculate the total hadronic cross
section directly using the next-to-leading order matrix el-
ements for the total partonic cross section [1],

σpp(S, m2) =
∑

i,j=q,q,g

∫
dx1 dx2

× fp
i (x1, µ

2
F ) fp

j (x2, µ
2
F ) σ̂ij(s, m

2, µ2
F , µ2

R)(1)
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where x1 and x2 are the fractional momenta carried by the
colliding partons and fp

i are the proton parton densities1.
This remains the state of the art for the total cross section;
there is still no complete NNLO evaluation of the total
cross section, especially at energies where

√
S ≫ m. In this

case, the mass is the only relevant scale in the calculation
since the kinematics of the produced quarks do not enter.

However, when the kinematic distributions are mea-
sured, especially at pT ≫ m, the state-of-the-art calcula-
tion is the fixed-order next-to-leading logarithm approach
(FONLL) [2]. In addition to including the full fixed-order
NLO result [1,3], the FONLL calculation also resums [4]

large perturbative terms proportional to αn
s logk(pT /m)

to all orders with next-to-leading logarithmic (NLL) accu-
racy (i.e. k = n, n−1). The FONLL calculation treats the
heavy quark as an active light flavor at pT >> m. Thus
the number of light flavors used to calculate αs includes
the heavy quark, i.e. nlf + 1 where, for charm, nlf = 3 (u,
d and s). The same number of flavors, nlf +1, is also used
in the FONLL fixed-order calculation.

If the inclusive electron spectrum from heavy flavor
decay is measured, the calculation of the cross section in-
volves three components: the pT and rapidity distributions
of the heavy quark Q, calculated in perturbative QCD;
fragmentation of the heavy quarks into heavy hadrons,
HQ, described by phenomenological input extracted from
e+e− data; and the decay of HQ into electrons according
to spectra available from other measurements, schemati-
cally written as

Ed3σ(e)

dp3
=

EQd3σ(Q)

dp3
Q

⊗ D(Q → HQ) ⊗ f(HQ → e)(2)

where the symbol ⊗ denotes a generic convolution. The
electron decay spectrum, f(HQ → e), accounts for the
semileptonic branching ratios.

The total cross sections obtained by integrating the
FONLL kinematic distributions, Eq. (2), should be equiv-
alent to that obtained by convoluting the total partonic
cross sections with parton densities, Eq. (1). We discuss
the theoretical uncertainty obtained based on Eq. (1) and
how that uncertainty compares to the FONLL result [5]
obtained by integrating Eq. (2).

In both cases, the perturbative parameters are the
heavy quark mass and the value of the strong coupling,
αs, while the parton densities are a nonperturbative input.
We take mc = 1.5 GeV and mb = 4.75 GeV as the central
values with 1.3 ≤ mc ≤ 1.7 GeV and 4.5 ≤ mb ≤ 5 GeV to
estimate the mass uncertainties. The perturbative calcu-
lation also depends on the unphysical factorization (µF )
and renormalization (µR) scales. (These scale parameters
are unphysical in the sense that the real cross section
should be independent of the scale.) The sensitivity of
the cross section to their variation can be used to esti-
mate the perturbative uncertainty due to the absence of
higher orders. Since Eq. (1) is independent of the kine-
matics, we take µR,F = µ0 = m as the central value and

1 Note that we use S for the square of the hadronic center-
of-mass energy and s for the partonic center-of-mass energy.

varied the two scales independently within a ‘fiducial’ re-
gion defined by µR,F = ξR,F µ0 with 0.5 ≤ ξR,F ≤ 2 and
0.5 ≤ ξR/ξF ≤ 2. In practice, we use the following seven
sets: {(ξR, ξF )} = {(1,1), (2,2), (0.5,0.5), (1,0.5), (2,1),
(0.5,1), (1,2)}. The uncertainties from the mass and scale
variations are added in quadrature. The envelope contain-
ing the resulting curves,

σmax = σc +
√

(σµ,max − σc)2 + (σm,max − σc)2 , (3)

σmin = σc −
√

(σµ,min − σc)2 + (σm,min − σc)2 , (4)

defines the uncertainty as a function of energy. Here σc is
the cross section calculated at the central value, (ξR, ξF ) =
(1, 1) and mc = 1.5 GeV, mb = 4.75 GeV, while σi,max and
σi,min are the maximum and minimum values of the cross
section for a given mass (i = m) or (ξR, ξF ) set in the
fiducial region (i = µ). Although Eqs. (3) and (4) have
been written for the total cross section, the corresponding
maximum and minimum differential distributions can be
written similarly [5].

We will first show the results for the total heavy flavor
cross section calculated from the total partonic cross sec-
tion for charm and bottom. We then discuss the various
sources contributing to the uncertainty in the calculation
of the total heavy flavor cross section: the parton densities
(PDFs), the mass and the scales. We compare our results
to those obtained by integrating the FONLL distributions
over full phase space.

2 Results

The total partonic cross section is written as

σ̂ij(s, m, µ2
F , µ2

R) =
α2

s(µ
2
R)

m2

{
f

(0,0)
ij (ρ) +

4παs(µ
2
R)

[
f

(1,0)
ij (ρ) + f

(1,1)
ij (ρ) ln

(
µ2

F

m2

)]
+ O(α2

s)

}
(5)

where ρ = 4m2/s and f
(k,l)
ij are the qq, gg and (q+q)g scal-

ing functions to NLO [1]. The NNLO f
(2,l)
ij scaling func-

tions for ij = gg and qq have been calculated through ex-
pansion of the resummed cross section to next-to-next-to-
leading logarithm (NNLL) [6,7] and beyond [8–10]. While
the scale dependence is better under control at the next
order, the complete NNLO correction is still of the same
order as the NLO correction, e.g. a factor of two or so [7,
9] for charm, showing that the charm cross section is slow
to converge.

At small ρ, the O(α2
s) and O(α3

s) qq and the O(α2
s)

gg scaling functions become small while the O(α3
s) gg and

qg scaling functions plateau at finite values [1]. Thus, at
collider energies, the total cross sections are primarily de-
pendent on the small x parton densities and phase space.

The total cross section does not depend on the kine-
matics but only on the quark mass, m, and the renormal-
ization and factorization scales with central value µR,F =
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m. The heavy quark is always considered massive in the
calculation of the total cross section and is thus not an
active flavor in the production calculation. Therefore, the
number of light quark flavors, nlf , does not include the
heavy quark so that αs is calculated with nlf = 3 for
charm and 4 for bottom.

The theoretical uncertainty on the total cross section is
calculated using Eqs. (3) and (4). The energy dependence
of the charm and bottom total cross sections is shown in
Figs. 1 and 2 respectively. The left-hand sides are calcu-
lated with the CTEQ6M PDFs while the right-hand sides
are calculated with GRV98 set. The entire range from
fixed-target to collider energies are shown. The central
value of the band is indicated by the solid curve while
the upper and lower edges of the band are given by the
dashed curves. The charm results of Ref. [11], calculated
with µF = µR = 2mc and mc = 1.2 GeV, lie well within
the CTEQ6M band and near the upper edge of the GRV98
band. Note that the charm uncertainty band broadens as
the energy increases. The lower edge of the charm band
grows more slowly with

√
S above RHIC energies while

the upper edge is compatible with the reported total cross
sections at RHIC [12,13].

The NLO total cross sections at
√

S = 200 GeV and
5.5 TeV are summarized in Table 1. The

√
S = 200 GeV

results are compared to the FONLL total cross sections
reported in Ref. [5].

We first look at the NLO and FONLL cross sections
at

√
S = 200 GeV, both calculated with CTEQ6M. The

NLO central values are only about 25% and 10% higher
than FONLL for charm and bottom respectively. However,
the width of the uncertainty band is larger for the NLO
calculation, particularly for charm. The differences in the
width of the bottom uncertainty band are much smaller.
On the other hand, both the GRV98 central values and
corresponding uncertainties are smaller than all results
calculated with CTEQ6M at

√
S = 200 GeV.

At 5.5 TeV, the central charm cross section is 2.5−3.5
mb, similar to other calculations. However, the uncer-
tainty is much larger than at the RHIC energy, partic-
ularly for the CTEQ6M calculation. Although the central
values for bottom production at 5.5 TeV are similar to
those for charm at 200 GeV, the uncertainty is much re-
duced.

In the next section, we will discuss the apparent dis-
crepancy between the FONLL and NLO total cross sec-
tions as well as the differences in the CTEQ6M and GRV98
results. We also discuss the various sources of uncertainty
to explain why the charm uncertainty is so large.

3 Sources of uncertainty

From the results in Table 1, it appears that the total cross
section depends on whether it is calculated from the in-
tegral over the inclusive FONLL pT distribution, Eq. (2)
or from the total NLO partonic cross sections, Eq. (1).
The difference seems especially large for charm produc-
tion. This is primarily due to the way the strong coupling

constant is calculated and to the low x, low scale behavior
of the parton densities.

Here, we discuss these two contributions to the theoret-
ical uncertainty and show that, if the total cross section
is calculated the same way, the two results are, in fact,
equivalent, as they should be. We also discuss the scale
dependence of the cross section.

3.1 Parton densities

Our main results are calculated with the CTEQ6M PDFs,
the same ones used in the FONLL calculations of Ref. [5].
The charm calculations are very sensitive to the low x and
low µF behavior of the parton densities, particularly the
gluon density. Probing the full fiducial range of the un-
certainty band is problematic for charm production since
ξF = 0.5 is below the minimum scale of the CTEQ6M par-

ton densities, µCTEQ6M
0 = 1.3 GeV [14]. Thus, for µF =

0.5mc, significant backward evolution of the parton den-
sities is required. Most recent PDFs exhibit similar be-
havior. To probe the PDF dependence more fully, we thus
use the GRV98 densities [15] with a lower minimum scale,
µGRV98

0 = 0.89 GeV, resulting in faster evolution to higher
µF . The lower minimum scale requires less backward evo-
lution to reach the factorization scale µF = 0.5mc. The
gluon densities at µF = 0.5mc, mc and 2mc are shown in
Fig. 3 for both PDF sets.

At sufficiently high µF relative to µ0, the gluon density
increases with decreasing x. While this typical behavior is
observed for the GRV98 PDFs with µF = mc and 2mc, it
is only seen for the CTEQ6M PDFs for µF = 2mc. The
highest low x gluon density is at the largest scale. Note
that for x > 0.1 the lower scales have higher densities.

At lower scales, the gluon density no longer increases
with decreasing x. With the CTEQ6M densities at µF =
m, the dashed curve on the left-hand side of Fig. 3 is no
longer increasing with decreasing x but, instead, is almost
flat for x < 10−2 with a slight dip in the middle. Lower
x values are not shown for µF = 0.5mc because the back-
wards evolution gives xg(x, µF ) ≤ 0, accounting for the

high
√

S behavior of the lower bound on the uncertainty
band. On the other hand, the GRV98 gluon density is bet-
ter behaved for µF = 0.5m. This is because the GRV98
analysis assumes valence-like gluon densities at their lower
initial scale so that while the density flattens it does not
become negative. Note also that while the GRV98 densi-
ties are somewhat lower than CTEQ6M when x > 0.01,
they are higher at lower x, accounting for the larger cen-
tral value of the cross section at

√
S = 5.5 TeV in Table 1.

Thus the low x, low µF behavior of the gluon density
depends strongly on how the group performing the global
analysis chooses to extrapolate to unmeasured regions. All
that is required is minimization of the global χ2 and mo-
mentum conservation.

Since 0.5mb ≤ µF ≤ 2mb lies well above both µCTEQ6M
0

and µGRV98
0 , the factorization scale dependence of the gluon

density at the bottom quark mass is not shown.
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Fig. 1. The NLO total cc cross sections as a function of
√

S for CTEQ6M (left-hand side) and GRV98 (right-hand side). The
solid curve is the central result; the upper and lower dashed curves are the upper and lower edges of the uncertainty band.

Fig. 2. The NLO total bb cross sections as a function of
√

S for CTEQ6M (left-hand side) and GRV98 (right-hand side). The
solid curve is the central result; the upper and lower dashed curves are the upper and lower edges of the uncertainty band.

Table 1. Summary of the uncertainty on the charm and bottom total cross sections calculated from the NLO partonic total
cross sections at RHIC and the LHC.

√

S = 200 GeV
√

S = 5.5 TeV

Q σFONLL
CTEQ6M (µb) σNLO

CTEQ6M (µb) σNLO
GRV98 (µb) σNLO

CTEQ6M (µb) σNLO
GRV98 (µb)

c 256+400
−146 301+1000

−210 178+300
−122 2585+13125

−2260 3562+7321
−3321

b 1.87+0.99
−0.67 2.06+1.25

−0.81 1.65+0.77
−0.53 209+139

−84 178+93
−64

3.2 Renormalization and factorization scale
dependence

As is obvious from Sec. 3.1, the smaller charm mass ex-
aggerates the factorization scale dependence of the total
cross section.

Thus the charm quark uncertainty band on the total
cross section, Fig. 1, spans an order of magnitude at fixed-

target energies, increasing to the value given in Tab: 1 for
200 GeV. The low scale behavior for (ξR, ξF ) = (0.5, 1)
and (1,0.5) defines the upper and lower edges respectively
of the uncertainty band at collider energies. Indeed, for
the total cross section calculated with nlf light quark fla-
vors, the STAR point [12] is compatible with the upper
limit of the band although the inclusive pT data lies above
the FONLL calculation with nlf +1 light flavors [16]. How-
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Fig. 3. The CTEQ6M (left) and GRV98 (right) gluon densities as a function of x for ξ = 0.5 (dot-dashed), ξ = 1 (dashed) and
ξ = 2 (solid) for mc = 1.5 GeV GeV. The vertical lines are at x = 2m/

√

S in
√

S = 200 GeV and 5.5 TeV pp collisions at RHIC
and the LHC.

ever, we stress that this apparent agreement of the STAR
result with the total cross section does not mean that
the discrepancy between the high pT STAR results and
the FONLL prediction is unimportant. At high pT , the
FONLL calculation is more reliable since here charm is
correctly treated as an active flavor, with nlf +1, and light
quark effects are resummed, improving the prediction at
finite pT .

The charm band grows broader with increasing
√

S,
corresponding to decreasing x. Thus, without a better
handle on the gluon density at low x and low scales, one
may question whether such a large uncertainty is meaning-
ful. It may also be questionable whether the lowest scales,
µR, µF = 0.5mc should be included in the calculation of
the charm uncertainty, especially since µF < µ0 for three
light flavors.

The full fixed-target data set also exhibits a large un-
certainty due to the method of extrapolation used, the as-
sumed branching ratios and the A dependence [11]. How-
ever, if only the most recent data are used, as in Fig. 1,
the uncertainty in the data is reduced. As an alternative,
one may try to ‘fit’ the mass and scale parameters to these
data [11] for µF , µR > m, obtaining mc = 1.2 GeV with
µF = µR = 2m for CTEQ6M. In this case, the cross
section lies just above the central value of the band and,
although the quark mass is smaller than the assumed cen-
tral mass value, the larger value of ξF guarantees a more
regular

√
S dependence than that obtained with smaller

values.

The larger bottom quark mass ensures that the scale
dependence is reduced and the uncertainty band is sig-
nificantly narrower than for charm over the whole energy
range, see Fig. 2.

For a more detailed discussion of the scale dependence
of charm and bottom production, see Ref. [17].

3.3 The strong coupling constant and the number of
light flavors

The most trivial difference in the FONLL and NLO cal-
culations is that the FONLL pT distribution is calculated
with a running scale proportional to mT while the total
cross section is calculated with a fixed scale proportional
to m. The charm quark uncertainty band is wider at low
pT , as shown in Ref. [5], because pT ≤ mc. While it is
more appropriate to use the running scale to calculate in-
clusive distributions, the difference between a fixed and
a running scale can be checked by fixing the scale in the
pT distributions. The integral of the inclusive distribution
increases about 20% for charm and about 10% for bottom
when a fixed scale is used. This difference is approximately
large enough to account for the difference in the central
values of the total cross section.

The charm fiducial range, 0.5mc ≤ µR ≤ 2mc, is in a
region where αs is changing rapidly with µR. We can esti-
mate the importance of the value of αs to the uncertainty
in the total cross section by looking at the dependence of
αs on the renormalization scale, shown in Table 2, with
ξR ≡ µR/m.

When calculated with the value of Λ5 for CTEQ6M,
Λ5 = 0.226 GeV, and using a scheme where αs is con-
tinuous across mass thresholds, we have the values of the
two-loop αs shown on the left-hand side of Table 2. The 3
and 4 light flavor values are calculated with masses appro-
priate for fixed-order (NLO) charm and bottom produc-
tion respectively. It is clear that the charm uncertainty is
larger than that for bottom since αs(ξR = 0.5)/αs(ξR =
2) = 2.63 for charm and 1.56 for bottom.

On the other hand, the faster evolution of the GRV98
PDFs, due to the lower initial scale, requires a smaller
value of Λ5, 0.1677 GeV. Thus even for relatively low µR,
log(µR/Λ) is larger, giving a lower αs for GRV98, espe-
cially in the charm region, see the right-hand side of Ta-
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Table 2. The values of αs for charm and bottom production at the given values of ξR = µR/m.

CTEQ6M GRV98
ξR nlf = 3, mc = 1.5 GeV nlf = 4, mb = 4.75 GeV nlf = 3, mc = 1.5 GeV nlf = 4, mb = 4.75 GeV
0.5 0.6688 0.2822 0.3312 0.2183
1 0.3527 0.2166 0.2337 0.1781
2 0.2547 0.1804 0.1840 0.1511

ble 2. Now the ratio αs(ξR = 0.5)/αs(ξR = 2) = 1.8 for
charm and 1.44 for bottom, contributing to the lower un-
certainty range for this set.

The real difference in coupling strength between the
two heavy quarks is even larger since the leading order
cross section is proportional to α2

s while the next-order
contribution is proportional to α3

s.

One obvious contribution to the uncertainty is the dif-
ference in the number of flavors in the two calculations,
especially for charm (3 for NLO and 4 for FONLL). Using
nlf+1 in the FONLL and NLO calculations of the inclusive
distributions reduces the uncertainty. When the FONLL
total cross sections in Table 1 are instead calculated with
nlf , the uncertainty is increased so that the upper and
lower limits of the charm uncertainty are in agreement
with the NLO results [18]. Thus whether charm is treated
as a heavy (nlf) or an active (nlf +1) flavor in the calcula-
tion turns out to be one of the most important influences
on the limits of the charm uncertainty.

4 Conclusions

We have shown that when the total cross section is calcu-
lated with the same parameter sets and the same number
of light quark flavors, a consistent result is obtained by
both integrating over an inclusive distribution and start-
ing from the total partonic cross section, as should be ex-
pected. However, the charm results are extremely sensitive
to the number of flavors, the scale choice and the parton
densities. One of the biggest sources of uncertainty in the
total charm cross section at collider energies is the behav-
ior of the gluon density at low x and low scale, as yet not
well determined, as evidenced by the large difference in
the uncertainty band between the CTEQ6M and GRV98
PDFs. Until it is further under control, better limits on
the charm quark total cross section will be difficult to set.
A complete NNLO evaluation of the total cross section
may reduce the scale dependence but will still be subject
to the same types of uncertainties.

This work was performed under the auspices of the U.S. De-
partment of Energy by Lawrence Livermore National Labora-
tory under Contract DE-AC52-07NA27344 and was also sup-
ported in part by the National Science Foundation Grant NSF
PHY-0555660.
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